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Abstract This paper establishes a non-linear ﬁnite element model (NFEM) of L4-L5 lumbar spinal
segment with accurate three-dimensional solid ligaments and intervertebral disc. For the purpose,
the intervertebral disc and surrounding ligaments are modeled with four-nodal three-dimensional
tetrahedral elements with hyper-elastic material properties. Pure moment of 10 N ·m without
preload is applied to the upper vertebral body under the loading conditions of lateral bending,
backward extension, torsion, and forward ﬂexion, respectively. The simulate relationship curves
between generalized forces and generalized displacement of the NFEM are compared with the in vitro
experimental result curves to verify NFEM. The veriﬁed results show that: (1) The range of simulated
motion is a good agreement with the in vitro experimental data; (2) The NFEM can more eﬀectively
reﬂect the actual mechanical properties than the FE model using cable and spring elements ligaments;
(3) The NFEM can be used as the basis for further research on lumbar degenerative diseases. c© 2011
The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1106401]
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Approximately 70% of the population in industrial-
ized countries experiences low back pain once in their
lives.1 The pain always limits the patients’ quality of
life. Epidemiologic and biomechanical studies have
shown the role of the mechanical loads in the onset of
low back pain.
In the past, many in vitro studies were performed
to describe the mechanical environment of the lumbar
spine.2–5 However, in experimental investigations, only
certain parameters can be measured, e.g., the relative
movement between two adjacent vertebrae, disc bulges,
or the stress in individual areas of the body.
The ﬁnite element (FE) method, as an eﬀective
alternative in vitro biomechanical study, is helpful to
quantify the parameters such as strains or stresses in
diﬀerent regions, which cannot be characterized eas-
ily in experiments. Recently, with the development of
optimization and computer technology, the FE model
has been used extensively for the analysis of normal
and abnormal mechanics of lumbar spine.6–11 However,
there are some problems in the FE models of the lumbar
spine, i.e., the oversimpliﬁcation of the material prop-
erties and the inaccurate geometry of the ligaments and
intervertebral disc. Davidson et al.12 developed an FE
model of the lumbar spinal column of an eight-year-
old human spine and compared ﬂexibilities under pure
moments, adults, and pediatric loading with diﬀerent
material models. But the ligaments were assumed as
tension-only link elements. Hendrik et al.13 established
an FE model of L4-L5 lumbar segment, which assigned
non-linear mechanical properties to the vertebrae and
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intervertebral disc. But the ligaments were simpliﬁed
as spring elements. In the model proposed by Renner
et al.,14 the annulus matrix was assumed as a compos-
ite material consisting of ﬁbers embedded in a homoge-
nous matrix material. The major ligaments were also
modeled by two-node non-linear cable elements. The
ligaments were built on the solid model by Tsuang et
al.15 But all the ligaments and intervertebral disc in
their study were assigned to elastic material properties.
Marwan et al.16 investigated the eﬀect of loading rate
on the lumbar spine using an FE model. The ligaments
were modeled with four-nodal or three-nodal shell el-
ements with visco-elastic material property. However,
the stress of shell elements ligaments was concentrated
easily in some regions of each ligament. There is lit-
tle research on the spinal segment model with both the
highly geometric similarity and the non-linear material
property.
The degeneration of ligaments would increase the
range of motion and accelerate degenerative disease in
the spine, but the two-dimensional models for ligaments
could not reﬂect the biomechanical changes in ligaments
directly. So it is necessary to model the ligaments with
three-dimensional solid elements.
The present study focuses on establishing a non-
linear FE model (NFEM) which can eﬀectively reﬂect
the mechanical property of L4-L5 lumbar segment. For
this purpose, the surrounding ligaments were modeled
with three-dimensional solid elements. The NFEM of
L4-L5 segment was established with a variety of mate-
rials, then veriﬁcation of the NFEM was performed by
comparing the simulated results from the NFEM with
the corresponding experimental results from in vitro
specimens.
The NFEM of L4-L5 lumbar spinal segment was
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Fig. 1. The three-dimensional L5 lumbar segment model
with ligaments and intervertebral disc.
generated based on computer tomography (CT) scan
of a 23 years old healthy male volunteer with a slice
thickness of 0.75 mm. The CT data were transferred
into MIMICS software to establish the L4-L5 lumbar
model and subsequently meshed in MAGICS software.
The intervertebral disc was created between the in-
tervening endplates with both MIMICS and SOLID-
WORKS softwares. The intervertebral disc was sub-
divided into nucleus pulposus (NUC) and annulus ﬁ-
brosus (ANN) with a proportion.17 The surrounding
ligaments, anterior longitudinal ligament (ALL), poste-
rior longitudinal ligament (PLL), intertransverse liga-
ment (ITL), ligamenta ﬂava (LF), interspinal ligament
(ISL), supraspinal ligament (SSL) were modeled with
four-nodal three-dimensional tetrahedral elements. The
facet joints and capsular ligament (CL) were simulated
by eight spring elements. Figure 1 showed the three-
dimensional model of lumbar spinal segment L5 with
ligaments and intervertebral disc. Since ALL and PLL
were attached to the endplates, in this study, we used
the interception of these two ligaments, which connected
to the upper and lower parts of the vertebral endplate,
and the aim was to simulate the restriction of ALL and
PLL on the vertebral activity.
The models of vertebral bodies, ANN, NUC and
all the ligaments were imported into ABAQUS software
and the surface mesh was converted to volumetric mesh.
The minimum edge length of the tetrahedral elements
was 0.7 mm and the maximum edge length of the tetra-
hedral elements was 0.9 mm. The numbers of nodes and
elements of the FE model were listed in Table 1.
The bone materials were represented in MIMICS
software. As the previous studies showen, the relation-
ship between gray value and apparent bone density is
approximately linear,18 and there is a correlation of can-
cellous bone apparent density and elastic modulus.19 In
this paper, the empirical expression was chosen as20
ρ = 1.6×HU + 47 (g/mm3), (1)
E = 0.098 82ρ1.56 (MPa). (2)
As the visco-elastic property of the intervertebral
disc and ligaments were not obvious in the quasi-static
Fig. 2. The stress-strain curves for ligaments.
loading condition,21 the material properties of diﬀer-
ent tissues were modeled as hyperelastic, which were
obtained from the previous reports. The ﬂuid-like be-
havior of NUC and ANN were both modeled with a
hyper-elastic Mooney-Rivlin formulation.
The form of the Mooney-Rivlin strain energy po-
tential is
UM−R = c10(I1−3)+c01(I2−3)+(Jel−1)2/D1, (3)
where UM−R is the strain energy per unit of reference
volume; c10, c01 andD1 are temperature-dependent ma-
terial parameters; I1 and I2 are the ﬁrst and second
deviatoric strain invariants deﬁned as
I1 = λ
2
1 + λ
2
2 + λ
2
3, I2 = λ
(−2)
1 + λ
(−2)
2 + λ
(−2)
3 , (4)
where the deviatoric stretches λi = J
−1/3λi, J is the
total volume ratio, and λi are the principal stretches.
The initial shear modulus and bulk modulus are given
by
c10 + c01 = μ/2,
D1 = (1− ν)/(c10 − c01),
k = 2/D1.
(5)
The parameters in this study were chosen as13
ANN : c10 = 0.56, c01 = 0.14, D1 = 1;
NUC : c10 = 0.12, c01 = 0.12, D1 = 1. (5a)
The stress-strain relationships of the diﬀerent ligaments
are obtained by the experimental study,22 as shown in
Fig. 2. In the experimental study, the non-linear be-
havior of the stress-strain of ligaments was described
by hyper-elastic Ogden-3 formulation in ABAQUS soft-
ware.
The form of the Ogden strain potential energy is
Uo =
3∑
i=1
2μi
α2i
(λ1
αi
+ λ2
αi
+ λ3
αi − 3) +
3∑
i=1
1
Di
(Jel − 1)2i, (6)
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Table 1. The numbers of nodes and elements in the ﬁnite element model of the L4-L5 lumbar segment.
L4 L5 ANN NUC ALL PLL LF ITLR ITLL ISL SSL Total
Nodes 71 007 67 366 9 337 7 562 1 736 655 1 187 2 090 2 058 983 491 164 485
Elements 374 428 355 959 41 620 37 654 5 870 2 138 4 148 7 593 7 597 3 648 1 524 842 298
Type TET TET TET TET TET TET TET TET TET TET TET TET
Table 2. The value of parameters for the diﬀerent ligaments.
μ1 α1 μ2 α2 μ3 α3 D1 D2 D3
ALL, SSL, ISL 0.177 –3.080 0.627 –13.860 –0.357 –6.800 1 1 1
PLL, LF 0.159 –1.126 0.770 –18.540 –0.390 –9.600 1 1 1
ITL –6 412.7 –7.3 4 159.0 –9.0 2 254.5 4.09 1 1 1
Table 3. The RMS of absolute errors of the ﬁtting curves
in Fig. 4.
ALL, SSL, ISL PLL, FL ITL
EF/MPa 0.277 771 6 0.326 318 9 1.477 47
where Jel is the elastic volume ratio; N is a material
parameter; ui, αi and Di are temperature-dependent
material parameters. The initial shear modulus μ0 and
bulk modulus K0 for the Ogden form are given, respec-
tively, by
μ0 =
N∑
i=1
μi, K0 =
2
D1
. (7)
In the present study, the same ﬁtted curves shown in
Fig. 2 were used to describe the mechanical properties of
ALL, SSL and ISL, since their experimental curves were
most similar. At the same time, the experimental curves
of PLL and LF were also ﬁtted by the corresponding
curve shown in Fig. 2. The parameters in Eqs. (6) and
(7) for the diﬀerent ligaments were shown in Table 2.
The ﬁtting error of the curves in Fig. 2 is estimated
by the root mean square (RMS) of absolute error as
shown in follows
EF =
√√√√ P∑
i=1
(Δmi −Δfi)2
/
P, (8)
where P is the number of selected points; Δmi is the
stress obtained from the experiment; Δfi is the stress
obtained in our simulation. The RMS of the absolute
error of the curve ﬁtting is shown in Table 3. The sum-
mary of the material properties used in the NFEM was
shown in Table 4.
The inferior endplate of the L5 vertebral body was
rigidly ﬁxed. Five loading conditions, as shown in Table
5, were examined by using the NFEM, respectively.
Each loading condition was divided into 9 steps. Tie
contact interfaces were used to ensure the disc and lig-
aments attached to the vertebrae and to prevent any
Fig. 3. The interaction, loading and boundary conditions
of the NFEM.
relative movement during simulation. The two contact
mesh surfaces of intervertebral discs and vertebral end-
plate were set as point to point contact. The boundary
and interaction of the NFEM were shown in Fig. 3.
The load-deformation data from our NFEM were
compared with the data from literatures, as shown in
Fig. 4. We can see that the simulated relationship
curves of the moment-angular deformation under the
diﬀerent loading conditions fell within the same levels
and showed similar trends. This indicates a good agree-
ment of our model with the results retrieved from the
literature. From Fig. 4(a), under torsion loading condi-
tion, the moment-angular deformation curve indicated
a highly signiﬁcant non-linear relationship, which has
a similar trend to the result curves obtained from Pan-
jabi et al.27 From Fig. 4(b), under lateral loading condi-
tion, our simulated moment-angular deformation curve
also represented a non-linear form, and this curve was
between the two experimental curves from in vitro ex-
perimental studies of Refs. 24 and 26. In the loading
condition of backward extension, the simulated result
curve was very close to Tencer et al.’s24 result, as shown
in Fig. 4(c). For the simulated result curves obtained
from ﬂexion loading condition, as shown in Fig. 4(d),
the overall trend was consistent with the results from
Refs. 28 and 29. But as the moment increased larger
than 3 N ·m, the NFEM model appeared stiﬀer than
the results from in vitro experimental studies.
Axial compression force-axial displacement result
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Table 4. Summary of the material properties used in our ﬁnite element model.
Model Material model Material property Literature
Bone Linear-elastic Eqs. (1) and (2) 20
Intervertebral disc Mooney-Rivlin formulation
13
NUC, ANN Hyper-elastic Eqs. (5a)
Ligaments Ogden-3 formulation 22
ALL, SSL, ISL, PLL, LF, ITL Hyper-elastic (See Table 2)
Facet joint Linear-elastic Spring elements E = 250 MPa 23
Table 5. The loading conditions.
Loading
conditions
Segment
torsion
Segment
bending
Segment
backward extension
Segment
forward ﬂexion
Axial
compression
Generalized force Pure unconstrained moment of 10 Nm A 500 N force
Location The superior endplate of L4 vertebral body
Fig. 4. Comparison between FE results in this study and the results from literatures.
Fig. 5. The MPLS distribution of the ligaments on which maximum deformation was found in each loading condition. (a)
and (b): The MPLS distribution of LF and ALL in ﬂexional loading condition; (c) and (d): The MPLS distribution of ALL
and SSL ligaments in extension loading condition; (e) and (f): The MPLS distribution of PLL and IL in lateral bending
loading condition; (g) and (h): The MPLS distribution of LF and ALL in torsion loading condition.
064001-5 A non-linear ﬁnite element model Theor. Appl. Mech. Lett. 1, 064001 (2011)
Fig. 6. Comparison between FE results in this study and the results from literature.
curve was also compared with data from literatures,
similar patterns and variational trend were observed,
as shown in Fig. 4(e).26,32–34
The distributions of the maximum principal loga-
rithmic strain (MPLS) of ligaments under the previous
four loading conditions were shown in Fig. 5.
Figures 5(a) and 5(b) showed the distribution of the
MPLS of ligaments LF and ALL under the ﬂexion load-
ing condition, respectively. The MPLS value (0.397 4)
of LF under the ﬂexion loading condition was larger
than other loading conditions (Figs. 5(a) and 5(b)).
Figures 6(c) and 6(d) showed the distribution of the
MPLS of the ligaments ALL and SSL under the exten-
sion loading condition, respectively. The largest value of
the MPLS occurred at ALL (0.270 8) (Fig. 5(c)) and the
second largest is occurred at SSL (0.203 2) (Fig. 5(d)).
Under lateral bending loading condition (Figs. 5(e)
and 5(f)), the values of the MPLS are signiﬁcantly
smaller than those under other loading conditions
(Figs. 5(a)–5(d)). The largest value of the MPLS is
0.013 84, which occurred at PLL in this loading condi-
tion (Fig. 5(e)). The MPLS value of LF (0.339 4) was
the largest under torsion loading condition (Figs. 5(g)
and 5(h)). The regions that large deformations occurred
on ligaments were relevant to the invocation of pain and
prone to soft tissue injury.
In order to examine the diﬀerence among the diﬀer-
ent modeling methods for the ligaments, the moment-
angular deformation curves from our NFEM was com-
pared with those from the other FE models in pre-
vious reports with diﬀerent material properties of
ligaments.25–31 The comparison results were shown in
Fig. 6.
The curve (– · –) was obtained from our previous
study.29 In that FE model, the annulus ﬁbrosus and
nucleus were assigned hyper-elastic material, and the
surrounding ligaments were simulated as unsymmetric
spring elements. Liu et al.28 established an FE model
of the lumbar L4-L5 segment by using non-seed region
segmentation method. In their study, the interverte-
bral disc was modeled by 10-nodal solid element with
elastic material properties, and the ligaments were as-
sumed as cable elements. From Figs. 4 and 6, it was
shown that the calculated result curves in this study
fell within the reported range. The non-linear behav-
ior also closely matched that measured in vitro. Com-
pared with the result obtained by Liu et al.28 which was
shown in Fig. 6, the angular deformation obtained in
this study was higher than the result obtained by Liu et
al.28 under each loading condition. And it had a better
agreement with the range of experimental results. Com-
pared with our previous study using spring elements
ligaments,29 the result curves obtained from this study
represent a more signiﬁcant non-linear behavior. This
may be attributed to the ligaments being assigned to
spring elements, which constrained the segmental mo-
tion to a larger extent than the ligaments modeled as
three-dimensional solid elements with hyper-elastic ma-
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terial.
As has been shown that, compared with the FE
model using cable and spring elements ligaments, the
overall results showed that the FE model in this study
can more eﬀectively reﬂect the actual mechanical prop-
erties of L4-L5 lumbar segment. However, in ﬂexional
condition, the results in the three FE models did not
exactly fall within in vitro results. There were mainly
two reasons, one reason is due to the diﬀerence of the
samples from two diﬀerent range of the ages, the other
reason is due to the errors from the visco-elastic nature
of intervebral discs. For one hand, the material proper-
ties data of soft tissues used in this study were obtained
from cadaver at the ages ranged from forty-two to ﬁfty-
six years. But the in vitro cadaver specimens were at the
ages ranged from eighteen to sixty-two. The age diﬀer-
ences lead to diﬀerent levels of degeneration that made
the change of the mechanical behavior of soft tissues.
For another hand, as the visco-elastic nature of inter-
vebral discs, the in vitro discs would dehydrate slightly
during testing, the amount of motion seen at that level
will change, which were not accounted for in the model.
The contact type between two surfaces was all de-
ﬁned as Tie in the present study. However, the actual
situation contains the complexity of the sliding contact.
The facet joints and capsular ligaments were simpliﬁed
to eight spring elements. Under the actual condition,
the structures are more complex.
To conclude, a three-dimensional NFEM of a lum-
bar spinal segment L4-L5 was developed based on bio-
realistic geometry and non-linear material properties.
The veriﬁed results showed the simulated results of the
NFEM fell within the same levels and they showed the
same tendencies with the in vitro experimental results.
The NFEM can be used as the basis for further re-
search. The NFEM of multiple lumbar spinal segments
will be established to evaluate the eﬀects of surgical
schemes and techniques on spinal stability and how the
vibrations impact the lumbar spine in the future. The
simulated data from the modeling methods introduced
in this study can provide better understanding for the
pathogenesis of lumbar spine so that the analysis of clin-
ical issues would be more accurate, especially the im-
pact of ligaments in the pathogenesis of lumbar spine
would be analyzed directly.
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